November, 1993] (© 1998 The Chemical Society of Japan

Bull. Chem. Soc. Jpn.,66,3319—3325(1993) 3319

Novel Electron Correlation in the Scattering Continuum for
a Stability Analysis of the Electron Pair in the “Atomic” Level#

Akitomo TACHIBANA
Division of Molecular Engineering, Faculty of Engineering, Kyoto University, Kyoto 606
(Received May 13, 1993)

Wannier phenomenon is examined for a stability analysis of a time-reversal electron pair scattering. Imagine
a pair of electrons interacting one another. It is found that the nature of the interelectron interaction is to
stabilize the time-reversal scattering state. This nature survives even under the influence of a scattering center.
To conclude, we shall prove the following results: 1) inside the reaction zone of the scattering center, one of the
electrons is trapped, pressing the other electron to the barrier of the reaction zone, or letting the other electron
go away over the barrier of the reaction zone, namely, a time-reversal scattering state of the electron pair is
unstable, while 2) outside the reaction zone, if the critical radius r¢ is reached, then the time-reversal scattering
state of the electron pair is stabilized. The critical radius r. has an intrinsic importance as a measure of the
coherence length & of the Cooper pair that exhibits the time-reversal symmetry.

Recent discovery of superconductivity in doped
fullerenes K3Cgo or Rb3Cgp has renewed our interest on
the strange electronic structure associated with the phe-
nomenon of zero resistance.'™® Essential to this phe-
nomenon is the special stability of the two-electron scat-
tering state, the so-called Cooper pair.¥ The Cooper
pair is the pair of electrons which has mutually oppo-
site spin and opposite linear momentum. According
to the BCS theory of superconductivity,® electrons are
scattering one another under the influence of phonons.
Although electrons have the same charge and repel one
another, the scattering by phonons let the electrons be
paired. The strange electronic structure of the super-

conducting state is believed to be brought about by a '

phase transition in the system of such electron pairs.®

In this connection, the density functional theory® of the
superconducting phase transition is presented.”

In the search for the other possible microscopic mech-
anism of the attractive Cooper pairing force, one impor-
tant observation is that the Cooper pair is a special case
of the time-reversal pair.®% This observation has en-
larged our scope to the quest of the pairing force even
in the large but finite system where the translational
symmetry is absent.!®

Our interest in this paper is not in the condensed-
matter aspects of the time-reversal electron pairs but
rather in the atomic-like aspects of the time-reversal
electron pair itself. We consider a two-electron scatter-
ing at a single scattering center. A normal situation of
the model may be that one electron is bound at the scat-
tering center and the extra electron comes in and kicks
out the electron formerly bound. The scattering state
of the electron pair is then analyzed. This kind of model
has been studied in a different context by Wannier,'
whose method we shall apply to our present problem.
Remarkably, we shall disclose disarmingly simple nature
of the interelctron interaction which intrinsically guar-
antees the stability of the time-reversal pair of electrons,

#In memory of the late Professor Hiroshi Kato.

the Cooper pair as the special case. This nature sur-
vives even under the influence of the scattering center.
Special interest is laid on the Cooper pairing mecha-
nism in the novel doped fullerenes in comparison with
the orthodox metallic superconductors.

1. Characteristics of the Electron-Pair Poten-
tial

Imagine a pair of electrons e, e; that are interacting
one another through Coulombic potential 1/r5 (atomic
units is used throughout in this paper unless otherwise
stated) under the influence of an isotropic scattering
center with charge Z and polarizability « as shown in
Fig. 1.

The electrostatic potential V of the electron pair is
then given as

V =1/r12 — Z(1)r1 + 1/72) — a(1/2r] +1/2r5),  (la)

with
ria = (r} + 73 — 2r17ry cos )% (1b)
where 6 is the angle between the radial vectors 1, 12 of

the electrons e1, e5. The “distance” of the electron pair
as a whole from the scattering center may be measured

Fig. 1. A pair of electrons e1, e situated around the
scattering center with charge Z and polarizability «.
The 6 is the angle between the radial vectors 71,
of the electrons eq, es.
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by
r=(r} +r3)"% (2)

Using this, we perform the variable transformation

ri=r cos (x/2), (3a)
rg =7 sin (x/2), (3b)

with
0<x<m. (3c)

Then the interelectron repulsive potential term 1/r3 in
V reduces to

1/r12 = 1/r(1 —sin x cos 6)'/2. (4)

For r fixed, this term is demonstrated in Fig. 2 as a
function of x and 6.
It is easily found that the configuration P defined as

P:{x=n/2,0=n} (5)

corresponds to the minimum of the potential 1/72.
Note that this configuration P exactly dictates the time-
reversal configuration for the electron pair with respect
to the scattering center: the radial vectors point to mu-
tually opposite direction with the same distance, r=rs,
from the scattering center. This disarmingly simple na-
ture of the interelectron interaction has not been found
in the literature. After the inclusion of the other terms
of interaction with the scattering center, Eq. 1a reduces
to

V =1/r(1 —sin x cos )"/
—Z(1/r cos (x/2) +1/r sin (x/2))
—a(1/2r* cos* (x/2) +1/2r* sin* (x/2)). (6)
where the extremum character at the configuration P

survives:
oV/96 =90V/dx =0 at P. )

At this configuration P, the potential V is plotted as a
function of r in Fig. 3.

\|(\7—

30
Fig. 2. Repulsive potential term 1/r2 as a function
of x and 6 at r=3.
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Fig. 3. Potential V as a function of r at the configu-
ration P.

Then the reaction zone is separated from the scat-
tering zone by the radius r=r;, where the potential V
takes the maximum value:

OV/Or =0 at r=ry. (8)

The 7., is the characteristic radius that defines the re-
action zone:

ez = (4V20) (Zrz — Z))V3, (9a)

with
Zep = 1/4. (9b)

The Z,, is the charge characteristic of the reaction zone.
Inside the reaction zone, the force acts to hind the
electron pair at the scattering center. This means that
the attractive potential term in V overwhelms inside the
reaction zone. We further observe the characteristic
radius n, of electron-pair binding inside the reaction
zone, within which the energy can take the negative
value and the electron pair can be tightly bound:

V<0 if r<ro. (10)
The two characteristic radii have the relationship:
rew = 437y, (11)

It should be noted that if Z exceeds Z,,, we have infinite
value of r, and mn,:

Trg =00, Thb =00, ; if Z > Zy,. (12)

This means that the interelectron repulsive term is com-
pletely smeared out by the attractive term.

Outside the reaction zone, the force acts to repel the
electron pair from the scattering center, letting the elec-
tron pair escape in the scattering zone. Whether this
extremum configuration P corresponds to the stable
equilibrium configuration or the unstable equilibrium
configuration should be judged by the eigenvalues of
the Hessian of V. We then obtain the Hessian matrix
elements as follows:

9*V/00* = (1/4V2)(1/r)
8*V/ox® = (3/V2)(1/r*)((Ze — Z)r° — 8V2a) ; at P,
*V/98dx =0 (13a)
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with

Z. = 1/12. (13b)

The Z is the critical charge characteristic of the curva-
ture of V. It is found that the configuration P is stable
in the direction of 8, %V /96%>0, and the situation is
schematically shown in Fig. 4(a).

This is simply because of the repulsive term 1/7;5:
the electrons repel one another and the configuration
f@=m should be most probable. On the other hand,
it is conditionally stable along the direction of y, as
schematically shown in Fig. 4(b):

c')ZV/ax2 <0 ; r<re
; at P,

*V/oXE >0 ; r>7. (14a)

where

re = (8v2a/(Z. — Z))*/3. (14b)

The r. is the critical radius associated with Z.. Inside
the critical radius, r<r., the ridge appears in the po-
tential V. Outside the critical radius, r>r., the ridge
disappears in the potential V; instead, we observe valley
in V. If the electron pair is situated outside the critical
radius, then we have the stable trajectory by which the
electron pair can escape away from the scattering center
in a time-reversal manner.
Note that r. is larger than 7, because Z,> Z.:

Fe=cry | ¢=(2Zew—2))(Ze — Z)*>1.  (15)

This shows that even if r exceeds r;,, the two-electron
scattering state is unstable if created inside the criti-
cal radius, because the Hessian has negative eigenvalue
along the direction of x. This situation is schematically
shown in Fig. 5.

v
6

n

(a)

v

A r>re

r=rg
x

w2

r<re
(b)

Fig. 4. Potential V: (a) along the direction 6, and (b)
along the direction x.
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Fig. 5. Stability of the time-reversal electron pair.

Moreover, if Z exceeds Z. but not Z,,, then we obtain
finite 7, but not 7. any more:

re=oo ; if Zy,>7 > Ze. (16)
This shows that the repulsive term is not completely
smeared out, but the attractive term is so strong that
one electron will collapse to the scattering center, let-
ting the other electron freely go away. In other words,
if Zis in between Z. and Z,,, then we have no “outside”
of the critical radius. Everywhere around the scattering
center is classified as the “inside” of the critical radius,
and hence the time-reversal scattering state becomes
unstable.

2. Wannier Analysis of the Cooper Pair in
C2,+2e System

2.1 Characteristics of the Potential V. Using
Z=-2 and a=10 A3 (assumed) for the scattering cen-
ter CEE , the Vof the electrons e;, e5 is demonstrated in
Fig. 6a for r=3.0 fixed within .. As shown in Fig. 6a,
the x=7t/2 corresponds to the maximum of V. The un-
symmetric character of r; and ry is evident because of
the sharp valley towards x=0 or 7t. For r=30.0 that is
sufficiently larger than 7., we recover the situation that
X=7t/2 becomes minimum of the potential V, which is
shown in Fig. 6b.

2.2 Stability of the Trajectory. The trajec-
tory calculation has been performed. We assume, after
Wannier,'V spin-singlet s-wave scattering state for the
electron pair. The Hamiltonian is then given as

H = (1/2)(p} +p3) + (1/2)(1/r} + 1/r3)ps + V,
= (1/2)[(p2 + (4/r*)p% + (4/7® sin® X)p5] + V, (17)

with the obvious notation of the momentums. The
starting point of the calculation is the outer turning
point, ¢y, located outside the reaction zone as shown
in Fig. 3: We put r;p, larger than r.. The other variables
are randomly chosen: Along one of the trajectories, for
example, the r, p, are shown in Fig. 7 as a function of
time together with the locus in the phase space (r, p;).
Outgoing wave for the electron pair is observed. For
this trajectory, the x, py, and the locus in the phase
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Fig. 6.

Potential V at (a) r=3.0 within ., and (b)
r=30.0 outside r.

space (X, py) are shown in Fig. 8. It is clearly demon-
strated that the time-reversal trajectory is stabilized as
time passes by.

3. Discussion

Our theory of the attractive force is not a “local”
one, but a “dynamical” one as postulated in the BCS
theory.” Indeed, our stabilization mechanism works
whenever two electrons meet: There is no need to as-
sign any specific local region of electron pair formation.
The explicit treatment of the electron—electron scatter-
ing event shows that we are in a position over and above
the simple Fermi liquid treatment. Here, it should be
noted that if the interelectron interaction is attractive
(again, no need to ask how it occurs), then superconduc-
tivity is brought about as proved by the BCS theory.>

The stability mechanism works even under the pres-
ence of the scattering center of the crystal lattice that
exhibits the unique translational symmetry. The pres-
ence of the scattering center introduces the unstable
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Fig. 7. Dynamic variables as a function of time: (a)
r, (b) pr, and (c) pr vs. 1.

region within which the time-reversal scattering state
of the electron pair becomes unstable. The critical ra-
dius 7, is then a measure of the avoided region for the
coherence of the electron pair. The wave function of
the electron pair (the same function for all pairs in the
BCS ground state®) should of course be a superposition
of elementary geminal functions that are translational
invariant. It is a matter of exercise to obtain a local-
ized electron-pair function by unitary transformation of
the translational invariant geminals; like a construction
of the localized Wannier function by unitary transfor-
mation of the translational invariant Bloch functions in
case of one-electron functions. The Bloch function and
the Wannier function are obtained here for “electron-
pair” functions in analogy with the one-electron func-
tions. The local “Wannier function” of electron pair
represents the time-reversal electron-pair scattering at
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Fig. 8. Dynamic variables as a function of time: (a)

X (b) px, and (c) py vs. x.

each lattice point in the fundamental cell.

In the actual situation such as in the Cgg supercon-
ductors, the crystal lattice points should act as the pos-
sible obstruction points to inhibit the electron pair for-
mation. So that we shall examine how stable the elec-
tron pair is under the influence of the scattering center
such as the Cgg ball.

In the conventional low-temperature metallic super-
conductors, the quiescent Fermi sea should be situated
in such a way that the charge neutrality is satisfied.
This means that Z is equal to 2 if two electrons were
initially bound at the scattering center or 1 if one ex-
tra electron attacks the electron initially bound at the
scattering center. The Z in either case clearly exceeds
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Z. and there is no room for the stable trajectory of the
time-reversal electron pair. In the actual situation the
nascent Coulombic potential should be screened. It fol-
lows that the effective Z should diminish as the electron
pair escapes away from the scattering center. This leads
to a large but finite 7. if the effective Z becomes smaller
than Z.: The electrons as a pair should be stabilized in
a time-reversal manner at this large distance from the
scattering center. Now that the electron pair is situated
far away from the scattering center, it should be very
difficult to neglect the influence of the other electrons
which act to screen the nascent Coulombic potential,
whose effect is opposite to the shielding effect of Z and
make the electron pair unstable. The disturbance of
the other electrons as well as phonons may destroy the
time-reversal pair.

The discussion above strongly supports the observa-
tion that, in the orthodox low-temperature metallic su-
perconductors, the coherence length £ of the Cooper
pair is very large, and it is the very low temperature
which guarantees to minimize the disturbance that may
destroy the time-reversality.

In the case of doped fullerenes A3Cgp (A=K or Rb),
the alkali metals almost completely donate the outer-
most electrons to the Cgo ball and formally constitute
ionic molecular crystals (A*);C3;. We have found that
Ceo has large electron affinity up to the formation of
C2;.''® The third electron is hardly bound.'® The
electronic ground state of C3, is triplet as in agree-
ment with the experimental fact,’® and even the sin-
glet state of C25 is stable.’>'% Up to the first order of
the Jahn-Teller effect, the doublet Cgy and the triplet
C25 does not show the Jahn-Teller instability of the
nuclear framework in a fixed geometry, but the singlet
CZ5 shows it.'® Even after the Jahn-Teller deforma-
tion occurred, the vibronic interaction in the singlet
C%g produces large vibronic attractive force with re-
spect to the time-reversal electronic scattering process
of the two electrons bound on the Cgy ball.*2—1416)

Thus the two electrons are bound on the Cgg ball
in a dual sense: 1) the large electron affinity of the
Cgo ball, and moreover, 2) the large vibronic attraction
that stabilizes the time-reversal electron pair. These
two electrons may then be situated within the reaction
zone. On the other hand, the third electron, which
is stoichiometrically belonging to the Cgo ball together
with the primary two electrons, may be situated outside
the reaction zone. Consequently, it is most probable
that the third electron is the outermost electron that is
easily freed by the Cgq ball. If the third electron is freed,
then we may encounter the case of the free-electron-like
behavior, which is observed by ESR measurement of the
C35,' and the resultant electron-pair stabilization in
a time-reversal scattering state:

3— 2—
C60 - CSO + e,

3— 2—
060 i Cgo + eg,
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e1 + ez — (e1,e2) time — reversal electron pair

The electron pair scattering state in the outgoing wave
may be time-reversed to the incoming wave as shown in
Fig. 9. This shows that if two electrons come close to
the scattering center, then the time-reversal scattering
is most probable.

The stability of such time-reversal scattering state is
guaranteed by the mechanism proved in the preceding
sections. The short r. guarantees as minimum a dis-
turbance, which may hence guarantee rather high T..
Indeed, if we use the same « for Cgo, Cqp, and Cjy,
then we obtain the critical radius r. of these species as
11.0, 4.71, and 3.78 A, respectively. These are all com-
parable with and larger than 3.59 A that is the radius of
Cgo ball. The 1, of these species in turn are 6.05, 3.56,
and 2.92 A. These value are compatible with the ob-
servation that C25 does exists and is more stable than
C35. The short coherence length observed in the novel
high- T, superconductors A3Cgo may correspond to the
7. for C2y .

In this context, we may find an intrinsic measure of
the coherence length £ in the condensed phase level by
calculating the critical radius r. in the atomistic com-
ponent level. This measure is excellent if the scattering
center is rather localized as in the case of A3Cgg. In the
actual situation, for example, the overlap of the time-
reversal electron pair should play an important role
for the collective phenomenon of superconducting phase
transition, where the self-consistent construction of the
electron pair wave function should be performed. Then
a tight-binding-like treatment for the description of the
electronic structure might be possible using the gemi-
nal of the time-reversal electron pair as the fundamental
entity of the Wannier function. In this connection, that
the effective charge should not exceed Z. is considered
to be the atomic-like foundation of the general belief

/

/
%
"

/

Fig. 9. If time is reversed, the outgoing wave of the
electron pair changes to the incoming wave. This sit-
uation occurs on the scattering center and in between
the adjacent scattering centers.
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that the Cooper pair is composed of electrons in the
very vicinity of the Fermi surface. Indeed, electrons
moving closer to the nucleus should feel larger positive
charge of the nucleus, so that if the effective Z exceeds
Z. then the stabilization of the time-reversal electron
pair is not expected at all. Only those electrons mov-
ing farther from the nucleus feel the effective Z smaller
than Z;, and hence deserves to be paired. Moreover, if
the medium becomes more homogeneous, which is the
case of conventional metallic superconductors, then the
overlap of the time-reversal electron pair is further de-
veloped, where the coherence length becomes large.

It should be noted that our discussion is not in a po-
sition to deny the other possible mechanisms that are
responsible for the creation of the time-reversal pair.'®
Instead, our analysis guarantees the “stabilization” of
the time-reversal pair that is created by any means:
once the time-reversal pair is created, our analysis dis-
plays the criterion by which the time-reversality is pre-
served. :

This work was supported by a Grant-in-Aid for Scien-
tific Research from the Ministry of Education, Science
and Culture, for which we express our gratitude.
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